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a b s t r a c t
Let A = R[x1, . . . , xn] be the polynomial ring in n variables over an integral domain Rwith
unit, let D be a rational higher R-derivation on A and let D be the extension of D to the
quotient field of A. We prove that, if the transcendental degree of the kernel of D over R
is not less than n − 1, then the quotient field of the kernel of D equals the kernel of D.
Moreover, when n = 2, we give a necessary and sufficient condition for an R-subalgebra of
A to be expressed as the kernel of a rational higher R-derivation on A.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Derivations and their kernels play an important role and have been studied by many mathematicians; see, e.g., [16,9,4,
11] for recent excellent accounts. Recently, the kernels of higher derivations have been studied by several authors and some
of the results on the kernels of derivations have been extended to the case of kernels of higher derivations. For example,
Tanimoto [20] gave an algorithm for computing the kernel of a locally finite iterative higher derivation (see [20] for the
definition), which is a generalization of van den Essen’s algorithm in [8]. The algorithm in [20] was also handled in [5],
which contains other interesting results. The author and Wada [14] studied the kernels of some higher derivations and
proved that the kernel of a non-trivial higher R-derivation D on the polynomial ring R[x, y] in two variables over an HCF-
ring R has the form R[h] for some h ∈ R[x, y]. When R is a field of characteristic zero (resp. a UFD of characteristic zero) and
D is an R-derivation, the same result was obtained by Nowicki and Nagata [17] (resp. Berson [3] and El Kahoui [7]).
We recall some definitions on higher derivations. Let R be an integral domain with unit and A an R-algebra. Let F be an
R-algebra containing A as an R-subalgebra. A set D = {Dn}∞n=0 of R-linear maps from A to F is called a higher R-derivation on
A into F if it satisfies the following conditions.
(i) D0 is the identity map of A.
(ii) For any a, b ∈ A and for any integer n ≥ 0,
Dn(ab) =
−
i+j=n
Di(a)Dj(b).
A higher R-derivation on A into F is called a higher R-derivation on A (resp. a rational higher R-derivation on A) if F = A
(resp. F = Q (A), the quotient field of A). For a higher R-derivation D = {Dn}∞n=0 on A into F , we define the kernel AD of D by
{a ∈ A|Dn(a) = 0 for any n ≥ 1} = ∩n≥1Ker Dn. It is then clear that AD is an R-subalgebra of A. A higher R-derivation D on A
into F is said to be non-trivial if AD ≠ A.
Let D = {Dn}∞n=0 be a rational higher R-derivation on A. Following [14, Section 2], we define the extension of D to Q (A).
Let ϕD : A → Q (A)[[t]], where Q (A)[[t]] is the formal power series ring in one variable over Q (A), be the mapping defined
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by ϕD(a) = ∑i≥0 Di(a)t i for a ∈ A. Since D is a rational higher R-derivation on A, it follows that ϕD is a homomorphism of
R-algebras. We call the mapping ϕD the homomorphism associated to D. The homomorphism ϕD is naturally extended to a
Q (R)-algebra homomorphismΦ : Q (A)→ Q (A)[[t]] by setting
Φ

b
a

= ϕD(b)
ϕD(a)
for a, b ∈ A with a ≠ 0. We see that the homomorphism Φ defines a higher Q (R)-derivation D = {Dn}∞n=0 on Q (A) such
that Φ(λ) = ∑i≥0 Di(λ)t i for λ ∈ Q (A) and Di|A = Di for every i ≥ 0. We call the higher Q (R)-derivation D on Q (A) the
extension of D to Q (A).
In this note, we study the kernels of rational higher R-derivations on A. We move some results on the kernels of k-
derivations and higher k-derivations, where k is a field, over to those on the kernels of rational higher R-derivations, where
R is an integral domain. We shall prove the following results.
Theorem 1.1. Let D be a rational higher R-derivation on the polynomial ring A = R[x1, . . . , xn] in n variables over an integral
domain R with unit and let D be the extension of D to Q (A). Assume that tr.deg RAD ≥ n− 1. Then Q (A)D = Q (AD).
Theorem 1.2. Let A = R[x, y] be the polynomial ring in two variables over an integral domain R with unit and let B be an
R-subalgebra of A. Then the following conditions (1) and (2) are equivalent:
(1) There exists a rational higher R-derivation D on A such that B = AD.
(2) B is integrally closed in A, Q (B) ∩ A = B and Q (A) is a separable extension of Q (B).
Moreover, if R is a field and tr.deg RB ≤ 1, then the condition (1) is equivalent to the following condition:
(3) B is integrally closed in A and Q (A) is a separable extension of Q (B).
WhenR is a field of characteristic zero andD is anR-derivation onA = R[x1, . . . , xn], Ayad andRyckelynck [1] obtained the
same result as Theorem 1.1. In [13], Hirano gave a very short proof for the result of Ayad and Ryckelynck. In fact, Theorem 1.1
can be proved by using the same argument as in [13] and some results in [14]. Wada [21] proved Theorem 1.1 in the case
where n = 2 and R is a field. As for Theorem1.2,when R is a field of characteristic zero andD is an R-derivation in (1), Nowicki
and Nagata obtained a similar result to Theorem 1.2 (see [17, Theorem 3.4]). The result [17, Theorem 3.4] was generalized
by Baba [2] and by Nowicki [15].
2. Proof of the results
We shall prove the results stated in Section 1. To prove the results, we use some results on the kernels of higher
derivations in [14]. We note that all the results in [14] remain true if we assume that D (with the notation in [14]) is a
rational higher R-derivation. So we use the results in [14] assuming that D is a rational higher R-derivation.
Proof of Theorem 1.1. We first consider the case where k := R is a field. In this case, Theorem 1.1 can be proved by using
the same argument as in [13]. For the reader’s convenience, we reproduce the proof. We prove the following claim.
Claim.With the same notations and assumptions as above, Q (A)D = Q (AD) if and only if Q (A)D/Q (AD) is an algebraic field
extension.
Proof. The ‘‘only if’’ part is clear. We prove the ‘‘if’’ part. It is clear that Q (AD) ⊂ Q (A)D. Let f be any polynomial in Q (A)D.
Then f satisfies an equation
a0f m + a1f m−1 + · · · + am−1f + am = 0
with a0, a1, . . . , am ∈ AD and a0 ≠ 0. Then a0f is integral over AD. Since AD is integrally closed in A by [14, Lemma 2.2(1)],
we know that a0f ∈ AD. Hence, f = a0f /a0 ∈ Q (AD). 
Set t := tr.deg kQ (A)D. If t = n, then D is trivial because the extension Q (A)/Q (A)D is regular by [12, (2.3) Theorem] and
is algebraic. So D is also trivial and hence Q (AD) = Q (A) = Q (A)D. Suppose that t ≤ n− 1. Then tr.deg kQ (AD) = t = n− 1.
Hence Q (A)D/Q (AD) is an algebraic field extension. We infer from Claim that Q (A)D = Q (AD).
We next consider the case where R is not a field. Let K := Q (R) be the quotient field of R. Then the rational higher
R-derivation D can be extended to a rational higher K -derivation DK on AK := A ⊗R K = K [x1, . . . , xn]. More precisely,
let ϕD : A → Q (A)[[t]] be the homomorphism associated to D (see Section 1). Then ϕD can be extended to the K -algebra
homomorphism ϕDK : AK → Q (A)[[t]] defined by ϕDK ( fa ) = ϕD(f )a for any a ∈ R \ {0} and f ∈ A. We denote the rational
higher K -derivation associated to ϕDK by DK . By the definition of DK , we know that A
DK
K ∩ A = AD, Q (ADKK ) = Q (AD) and
DK = D, where DK is the extension of DK to Q (AK ) = Q (A). Since (n ≥)tr.deg KADKK ≥ tr.deg RAD ≥ n − 1 and K is a field,
the above argument implies that Q (ADKK ) = Q (AK )DK . Therefore Q (AD) = Q (A)D. 
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Proof of Theorem 1.2. We prove the equivalence of (1) and (2).
(1) H⇒ (2). Suppose that there exists a rational higher R-derivation D on A such that B = AD. By [14, Lemma 2.2(1)], B is
integrally closed in A. It follows from [14, Lemma 2.3(2)] that Q (B) ∩ A = B. We prove that Q (A)/Q (B) is a regular field
extension. If D is trivial, then Q (A) = Q (B). So we may assume that D is non-trivial. If B = R, then Q (A) = Q (R)(x, y) is
a pure transcendental extension of Q (R) = Q (B). So Q (A)/Q (B) is a regular field extension. Suppose that B ≠ R. Let D be
the extension of D to Q (A). Since B = AD contains a polynomial transcendental over Q (R), it follows from Theorem 1.1 that
Q (B) = Q (A)D. Hence Q (A)/Q (B) is a regular field extension by [12, (2.3) Theorem].
(2) H⇒ (1). Suppose that B is integrally closed in A, Q (B) ∩ A = B and Q (A)/Q (B) is a separable field extension. Since
A = R[x, y] is a polynomial ring over R and B is integrally closed in A, Q (B) is algebraically closed in Q (A). So Q (A)/Q (B)
is a regular field extension. By [19, Theorem 1], there exists a higher Q (R)-derivation D˜ = {D˜n}∞n=0 on Q (A) such that
Q (A)D˜ = Q (B). Let Dn = D˜n|A for each integer n ≥ 0 and let D = {Dn}∞n=0. Then D is a rational higher R-derivation on
A and B ⊂ AD. Since AD ⊂ Q (AD) ∩ A ⊂ Q (A)D˜ ∩ A = Q (B) ∩ A = B, we conclude B = AD.
Finally, we prove the equivalence of (2) and (3) under the assumption that k := R is a field and tr.deg kB ≤ 1. The part
‘‘(2)H⇒(3)’’ is clear. We prove the part ‘‘(3)H⇒(2)’’. The assertion (2) is clear if tr.deg kB = 0. Assume that tr.deg kB = 1.
Then dim B = tr.deg kB = 1 (see [18, Corollary 1.2]). It then follows from [6, Theorem 1] that B = k[f ] for some f ∈ A \ k.
By [10, Lemma 2.1], which holds in any characteristic (see also [21, Claim 3.1]), we know that Q (B) ∩ A = B. 
Remark 2.1. (1) In Theorem 1.2, we note that, if either R is not a field or R is a field and tr.deg RB ≥ 2, ‘‘(3) implies (2)’’
does not follow in general. We give such an example, which is in fact the same as [22, Example 58]. Let k be any field,
let R = k[x] and A = R[y] = k[x, y] be polynomial rings over k, and let B = R[xy] = k[x, xy]. Then tr.deg kB = 2 and
Q (B) ∩ A = Q (A) ∩ A = A ≠ B. We prove that B is integrally closed in A. Suppose to the contrary that there exists
a polynomial f ∈ A \ B that is integral over B. Since B = k[x, xy], xif ∈ B for some positive integer i. Let m be the
smallest positive integer such that xmf ∈ B. Since f is integral over B, f would have to satisfy an equation of the form
f n + bn−1f n−1 + · · · + b1f + b0 = 0 with b0, . . . , bn−1 ∈ B. Then
(xmf )n + bn−1xm(xmf )n−1 + · · · + b1xm(n−1)(xmf )+ b0xmn = 0
and so x is a factor of (xmf )n in B, which is absurd.
(2) The part ‘‘(2)H⇒(1)’’ in Theorem 1.2 holds true if we replace A by R[x1, . . . , xn] that is the polynomial ring in n (n ≥ 2)
variables over an integral domain Rwith unit.
(3) The author does not know whether there exists a rational higher R-derivation D on an R-algebra A such that one of the
following conditions is satisfied: (i) The field extension Q (A)/Q (AD) is not separated. (ii) AD cannot be expressed as the
kernel of a higher R-derivation.
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